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HARMONIC SURFACES IN THE CAYLEY PLANE
NUNO CORREIA, RUI PACHECO, AND MARTIN SVENSSON
Abstract. We consider the twistor theory of nilconformal harmonic maps
from a Riemann surface into the Cayley plane OP 2 = F4/Spin(9). By ex-
hibiting this symmetric space as a submanifold of the Grassmannian of 10-
dimensional subspaces of the fundamental representation of F4, techniques
and constructions similar to those used in earlier works on twistor construc-
tions of nilconformal harmonic maps into classical Grassmannians can also be
applied in this case. The originality of our approach lies on the use of the
classification of nilpotent orbits in Lie algebras as described by D. Djokovic´.
As a corollary of our results, we show that finite uniton number and finite type
cover all harmonic maps from a flat torus into OP 2.
1. Introduction
In this paper we consider the twistor theory of nilconformal harmonic maps from
a Riemann surface into the Cayley plane OP 2, the 16-dimensional exceptional Rie-
mannian symmetric space F4/Spin(9). Exhibiting this manifold as a submanifold
of the Grassmannian of 10-dimensional subspaces of the fundamental representa-
tion of F4 allows us to use techniques and constructions similar to those used in
earlier works on twistor constructions of nilconformal harmonic maps into classical
Grassmannians [30], as well as the exceptional Grassmannian G2/SO(4) [31].
We thus describe the canonical twistor fibrations over OP 2 in terms of refine-
ments of the Grassmannian structure of the base manifold. As this structure is
defined in terms of the fundamental representation of F4, we may use the algebraic
structure of this representation to show that the nilconformality is actually implied
by the conformality:
Proposition 4.2. Any weakly conformal harmonic map from a Riemann surface
to OP 2 is nilconformal with nilorder ≤ 5.
Following the general twistor theory for harmonic maps into compact symmetric
spaces as developed in [8], we see that there are three canonical twistor fibrations
over OP 2: T4, of dimension 30; T3 of dimension 40; T34 of dimension 42. As the
dimensions of these twistor fibrations are far higher than for example those of the
exceptional Grassmannian G2/SO(4) and too high to be handled in a straightfor-
ward fashion as in [31], we have chosen an approach significantly different from that
of previous works in our study of the twistor lifts of nilconformal harmonic maps,
making use of the classification of nilpotent orbits in Lie algebras as described in
[12]. And while there are three different canonical twistor fibrations over OP 2, only
2010 Mathematics Subject Classification. Primary 58E20; Secondary 53C43.
Key words and phrases. harmonic maps, Riemann surfaces, Cayley plane, Twistor theory.
The first and the second author were partially supported by Fundac¸a˜o para a Cieˆncia e Tec-
nologia through the project UID/MAT/00212/2019.
1
2 N. CORREIA, R. PACHECO, AND M. SVENSSON
two of these are needed to describe nilpotent orbits; surprisingly, only one of these,
T4, is needed to describe the twistor theory of nilconformal harmonic maps. More
precisely, we show the following result, where M is an arbitrary Riemann surface:
Theorem 4.3. Any nilconformal harmonic map ϕ : M → OP 2 admits a J2-
holomorphic lift into T4.
We next consider the special case of harmonic maps into OP 2 of finite uniton
number. Following Burstall and Guest [6], we show how to explicitly construct
examples S1-invariant extended solutions as well as their twistor lifts. We also
show that, when the domain is a torus, finite uniton number and finite type covers
all harmonic maps:
Corollary 6.3. Any non-constant harmonic map ϕ : T 2 → OP 2 is either of finite
type or of finite uniton number, but not both.
A similar result is known to hold for tori in Sn and CPn [21], but the corre-
sponding statement for HPn is known to be false [24].
While our approach using the classification of nilpotent orbits is novel, it is
nevertheless a natural approach when studying nilconformal harmonic maps into
symmetric spaces or, more generally, Lie groups. Our work suggests a revisit of
earlier results on this topic using this approach, as well as a path to understand the
twistor theory of harmonic maps for the remaining exceptional symmetric spaces.
This paper is arranged as follows: in Section 2 we give a brief introduction to the
Cayley plane OP 2, showing how this can be viewed as a particular Grassmannian
manifold related to the exceptional Jordan algebra of hermitian 3 × 3 octonionic
matrices. In Section 3 we construct the canonical twistor fibrations of OP 2 and
study the properties of twistor lifts of harmonic maps into OP 2. Nilconformality
is introduced in Section 4 where we use the classification of nilptotent orbits in the
Lie algebra of F4 to show that any nilconformal harmonic map from a Riemann
surface into OP 2 admits a twistor lift into T4. In Section 5 we give some explicit
examples of harmonic maps of finite uniton number into the Cayley plane and in
Section 6 we compare finite uniton harmonic maps with finite type harmonic maps
into the Cayley plane. Appendix A collects some facts about the structure of the
Lie algebra f4 of F4 and its fundamental representation; Appendix B gives a very
brief introduction to the classification of nilpotent orbits in Lie algebras and show
how this applies to f4; Appendix C gives a brief review of the harmonic maps of
finite type.
A few words about conventions: throughout this paper, we denote the complex-
ification V ⊗RC of a real vector space or vector bundle V by V C. Unless otherwise
mentioned, the symbol G will always denote a compact semi-simple Lie group with
trivial centre and contained in U(n) for some n, while g will denote its Lie algebra.
2. The Cayley plane
In this section we recall some classical facts on the construction of the Cayley
plane OP 2 from an exceptional Jordan algebra. We also exhibit the Cayley plane
as a subset of a Grassmannian, a construction we will find useful when studying
the twistor theory of OP 2. Our main references are [1, 2, 17].
We denote by O the 8-dimensional division algebra of octonions. For x ∈ O,
we denote by x∗ the octonionic conjugation of x. The following identities hold for
3all u, v ∈ O and express the fact that O is an alternative, nicely normed ∗-algebra
[1, 2]:
(1)
(uu)v = u(uv), (uv)u = u(vu), (vu)u = v(uu),
(uu∗)v = u(u∗v), (uv)u∗ = u(vu∗), (vu∗)u = v(u∗u).
Denote by h3(O) the 27-dimensional simple formally real Jordan algebra of her-
mitian 3× 3 matrices with entries in O, equipped with the product
a ◦ b = 1
2
(ab+ ba) (a, b ∈ h3(O)).
We also equip h3(O) with the inner product
〈a, b〉R = 1
2
tr(a ◦ b) (a, b ∈ h3(O)).
As is well known, the exceptional Lie group F4 is realised as the automorphism
group of h3(O) with respect to the product ◦. Since F4 also preserves the trace,
we have F4 ⊂ SO(h3(O)). Moreover, since the elements in F4 fix the real subspace
generated by the identity matrix in h3(O), they preserve also the 26-dimensional
subspace h03(O) of the traceless matrices in h3(O). This space is the fundamental
representation of F4, its smallest non-trivial representation, see Appendix A. For
a, b ∈ h3(O), we denote by a · b the traceless part of the product a ◦ b.
The Cayley plane OP 2 is the 16-dimensional manifold of matrices P ∈ h3(O)
satisfying P 2 = P and tr(P ) = 1. The inner product 〈·, ·〉R on h3(O) induces a Rie-
mannian metric on OP 2. The isometry group of OP 2 is precisely F4, acting tran-
sitively with isotropy subgroups conjugated to Spin(9). Hence OP 2 ∼= F4/Spin(9),
a compact Riemannian symmetric space of rank 1.
For P ∈ OP 2, let LP denote the linear endomorphism of h3(O) given by
LP (X) = P ◦X (X ∈ h3(O)).
This gives a eigenspace decomposition
(2) h3(O) = A0(P )⊕A 1
2
(P )⊕A1(P ),
where Aj(P ) is the eigenspace associated to the eigenvalue j, with j = 0,
1
2 , 1. For
example, if P ∈ OP 2 is the diagonal matrix diag(1, 0, 0), then A1(P ) is just the
real span of P while
A0(P ) =
{
 0 0 00 β z
0 z∗ γ

 : β, γ ∈ R, z ∈ O
}
,(3)
A 1
2
(P ) =
{
 0 x yx∗ 0 0
y∗ 0 0

 : x, y ∈ O
}
.(4)
Y. Huang and N. C. Leung [18] gave a uniform description of all compact Rie-
mannian symmetric spaces as Grassmannians. According to their description, OP 2
is the space of all copies of h2(O) in h3(O). As we shall see, OP
2 can also be inter-
preted as a certain Grassmannian of subspaces of h03(O). Our proof is independent
of that in [18].
Theorem 2.1. There is an isometry between OP 2 and the Grassmannian Gra of
10-dimensional subspaces V of h03(O) satisfying V · V = V .
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Proof. Take V ∈ Gra and let Vˆ be the maximal subalgebra of h3(O) containing the
11-dimensional subalgebra RI⊕V . According to Racine’s classification of maximal
subalgebras of exceptional Jordan algebras [27], either Vˆ is isomorphic to the 15-
dimensional Jordan algebra h3(H) or Vˆ is an 11-dimensional subalgebra of the form
VˆP = A0(P )⊕A1(P ),
for some P ∈ OP 2. However, as the maximal subalgebras of h3(H) have dimension
7 and 9 (see [27]), we must have Vˆ = VˆP for some P ∈ OP 2 .
Assume now that VˆP = VˆP ′ for P, P
′ ∈ OP 2. In view of the orthogonal
eigenspace decomposition (2), we must have A 1
2
(P ) = A 1
2
(P ′). On the other hand,
by transitivity of the F4 action on OP
2, we can without loss of generality assume
that P = P0 = diag(1, 0, 0). But a straightforward computation now shows that
A 1
2
(P ′) = A 1
2
(P ) for P ′ ∈ OP 2 is only possible if P ′ = P0.
Thus, given V ∈ Gra, we have seen that there exists a unique P ∈ OP 2 such
that Vˆ = VˆP . This defines an injection χ : Gr
a → OP 2 mapping this V to P .
Conversely, given P ∈ OP 2, consider the 11-dimensional maximal subalgebra
VˆP = A0(P ) ⊕A1(P ). Take g ∈ F4 such that P = g(P0), where P0 = diag(1, 0, 0).
Clearly we have VˆP = g(VˆP0) and RI ⊂ VˆP0 . Since F4 preserves RI we also have
RI ⊂ VˆP . Set
V = VˆP ∩ (RI)⊥.
It is now easy to see that V ∈ Gra and χ(V ) = P , thus χ is also surjective. Since
χ is F4-invariant, χ is an isometry. 
Interpreting OP 2 as the submanifold of h3(O) consisting of the projection ma-
trices P with tr(P ) = 1, the tangent plane at P to OP 2 is given by
(5) TPOP
2 = {Z ∈ h3(O) : 2P ◦ Z = Z} = A 1
2
(P ).
On the other hand, given a projection matrix P ∈ OP 2, let us denote by VP the
corresponding subspace in Gra. With this identification, a tangent vector Z ∈
TPOP
2 corresponds to an element
Zˆ ∈ Hom(VP , V ⊥P )⊕Hom(V ⊥P , VP ).
We can make this correspondence more explicit as follows.
Proposition 2.2. For any Z ∈ TPOP 2 and X ∈ h03(O), we have
(6) Zˆ(X) = −4Z ◦X + 4Z ◦ (P ◦X) + 4P ◦ (Z ◦X).
Proof. Given a projection matrix P ∈ OP 2 it follows easily that the orthogonal
projection onto VP is given by
(7) X 7→ X − 4P ◦X + 4P ◦ (P ◦X) (X ∈ h03(O)).
Differentiating (7) at P in the direction Z ∈ TPOP 2, we obtain (6). 
Proposition 2.3. Suppose that the tangent vector Z ∈ TCPOP 2 is isotropic, that
is, tr(Z ◦ Z) = 0. Then Zˆ defined by (6) is nilpotent with nilorder r ≤ 5.
5Proof. Without loss of generality we may again assume that P = diag(1, 0, 0). Since
Zˆ transforms vectors of VP in vectors of V
⊥
P and vice-versa, it is enough to prove
that Zˆ4 = 0 when restricted to V ⊥P . Up to multiplication by a constant, we have
Zˆ2(X) =Z ◦ (Z ◦X)− Z ◦ (P ◦ (Z ◦X))− Z ◦ (Z ◦ (P ◦X))
− P ◦ (Z ◦ (Z ◦X)) + P ◦ (Z ◦ (P ◦ (Z ◦X)))
+ P ◦ (Z ◦ (Z ◦ (P ◦X)))− Z ◦ (P ◦ (Z ◦X)))
+ Z ◦ (P ◦ (P ◦ (Z ◦X))) + Z ◦ (P ◦ (Z ◦ (P ◦X))).
This can be considerably simplified if we take X ∈ V ⊥P = A 1
2
(P ). In view of
A 1
2
(P ) ◦A 1
2
(P ) ⊆ A0(P )⊕A1(P ), A 1
2
(P ) ◦ (A0(P )⊕A1(P )) ⊆ A 1
2
(P ),
and recalling that Z ∈ TCPOP 2 = A 1
2
(P )C, we see that, up to multiplication by a
constant, Zˆ2(X) = Z ◦ (Z ◦X) for X ∈ V ⊥P . Hence
Zˆ4(X) = Z ◦ (Z ◦ (Z ◦ (Z ◦X).
So, it remains to prove that L4Z(X) = 0, where LZ is the linear endomorphism
of h3(O) given by the left multiplication by Z. Let us write
Z =

 0 x yx∗ 0 0
y∗ 0 0


for some x, y ∈ O⊗RC. It is easy to see that Z is isotropic if and only if xx∗+yy∗ =
0. Since Spin(9) ⊂ F4 acts transitively on the space of real lines in TPOP 2, we can
assume without loss of generality that
X =

 0 1 01 0 0
0 0 0


Taking also (1) into account, a straightforward calculation now shows that L4Z(X) =
0. 
3. The twistor spaces of OP 2
Twistors first appeared in the context of theoretical physics, in particular in the
work of Penrose, see for example [25]. For harmonic maps, twistor constructions
can be found already in the works of Chern [11] and Calabi [10], and have since
been used by many others as the field has developed. The main idea behind twistor
constructions of harmonic maps into a Riemannian manifold (N, h) is to find an
(almost) complex manifold (Z, J) and a fibration π : Z → N with the following
property: for any Riemann surface M and any (almost) holomorphic map
ψ :M → Z,
the composition π ◦ ψ : M → N is harmonic. If that is the case, then π : (Z, J)→
(N, h) is called a twistor fibration and (Z, J) a twistor space for (N, h). Using
twistor fibrations we can thus construct harmonic maps from (almost) holomorphic
maps.
F.E. Burstall and J.H. Rawnsley introduced a general twistor theory for har-
monic maps into compact symmetric spaces [8]. In this section we will briefly recall
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their construction, and then study this in the specific context of the compact sym-
metric space OP 2. For notation regarding the weight spaces of the fundamental
representation of F4 we refer to Appendix A.
3.1. Harmonic maps into Lie groups and symmetric spaces. A map ϕ :
(M, g) → (N, h) between two Riemannian manifolds is said to be harmonic if it
satisfies the harmonic map equation
tr∇dϕ = 0,
where∇ is the connection on ϕ−1TN⊗T ∗M induced by the Levi-Civita connections
on (M, g) and (N, h) respectively. As is easily seen when dimM = 2, this equation
depends only on the conformal structure on M . Thus, the concept of a harmonic
map from a Riemann surface to a Riemannian manifold makes sense.
Let G be a compact semi-simple Lie group equipped with a bi-invariant metric
and M a Riemann surface. For simplicity of exposition, we will assume from now
on that G is semi-simple, has trivial centre and is contained in U(n) for some n.
For a map ϕ :M → G, set
Aϕ =
1
2
ϕ−1dϕ.
For any local complex coordinate z on M , we write
Aϕ = Aϕz dz +A
ϕ
z¯ dz¯.
The integrability equation
(8) (Aϕz )z¯ − (Aϕz¯ )z = 2[Aϕz , Aϕz¯ ]
follows easily from the Mauer-Cartan equation. Furthermore, it is easy to see that
ϕ is harmonic if and only if
(9) (Aϕz )z¯ + (A
ϕ
z¯ )z = 0.
Define the connection Dϕ = d+Aϕ on the trivial bundleM×Cn. The condition
for ϕ being harmonic can now be written as
Dϕz¯A
ϕ
z = 0,
where Dϕz¯ = ∂z¯ + A
ϕ
z¯ . Thus the harmonicity of ϕ is equivalent to A
ϕ
z being a
holomorphic endomorphism on the trivial bundle with respect to the holomorphic
structure induced by Dϕ.
As is well known (see Appendix C), a compact inner symmetric space G/K may
be totally geodesically immersed in G as a connected component of
√
e = {g ∈ G :
g2 = e}. When a harmonic map ϕ :M → G takes values in a connected component
of
√
e, we can write ϕ = πϕ−π⊥ϕ , where πϕ denotes the orthogonal projection onto
the vector bundle, also denoted by ϕ, whose fiber at z is the (+1)-eigenspace of
ϕ(z). In this case, Aϕz and A
ϕ
z¯ can be written in terms of the second fundamental
forms (see [9, 30, 31]) of the bundle ϕ as
Aϕz = −A′ϕ −A′ϕ⊥ , Aϕz¯ = −A′′ϕ −A′′ϕ⊥ .
Recall that A′ϕ(s) = π
⊥
ϕ (∂zs) and A
′′
ϕ(s) = π
⊥
ϕ (∂z¯s), for any smooth section s of ϕ.
More generally, given two mutually orthogonal smooth vector subbundles ψ1 and
ψ2 of M × Cn, we denote A′ψ1,ψ2(s) = πψ2(∂zs), for any smooth section s of ψ1.
With this notation, if ψ1 ⊂ ϕ and ψ2 ⊂ ϕ⊥, then ψ = ψ1 ⊕ ψ2 is a holomorphic
subbundle of M ×Cn with respect to Dϕz¯ if and only if A′ϕ,ψ1 = 0 and A′ϕ⊥,ψ2 = 0.
73.2. General twistor theory. Let g be the Lie algebra of G and t ⊂ g be a
maximal torus. Denote by ∆ ⊂ it∗ the set of roots, where i = √−1, and for
α ∈ ∆ let gα be the corresponding root space. Fix a set of positive simple roots
Φ+ = {α1, . . . , αn} with dual basis H1, . . . , Hn ∈ t so that αi(Hj) = i δij .
For any non-empty subset I ⊂ {1, . . . , n} consider the canonical element ξI =∑
i∈I Hi. From this we construct a parabolic subalgebra of g
C as follows: denote
by gξIj the j-eigenspace of ad(ξI/i) and set
pI =
∑
j≥0
g
ξI
j .
Let PI be the corresponding parabolic subgroup and TI = G
C/PI = G/PI ∩G the
corresponding flag manifold.
The subset I also defines the inner involution
τI = Ad exp(πξI),
which corresponds to the symmetric space NI = G/K, where PI ∩ G ⊆ K. The
corresponding symmetric decomposition is
(10) g = k⊕m, kC =
∑
i even
g
ξI
i , m
C =
∑
i odd
g
ξI
i .
Since PI ∩ G ⊂ K we have a homogenous projection pI : TI → NI , which we refer
to as a canonical fibration [8]. The horizontal and vertical spaces at the base point
x0 ∈ TI (that we identify with the identity coset) of the canonical fibration are
given by
(11) VC(TI) = kC ∩ (gξI0 )⊥, HC(TI) = mC.
Moreover, the flag manifold TI carries a complex structure J1 with (1, 0)-space at
the base point x0 given by T
1,0
J1
TI =
∑
i>0 g
ξI
i . By reversing the orientation of J1
on the fibres, we obtain another almost complex structure on TI , usually denoted
by J2:
(12) T 1,0J2 TI =
∑
i even<0
g
ξI
i ⊕
∑
i odd>0
g
ξI
i .
Thus the first summand on the right-hand side is V1,0J2 and the second summand is
H1,0J2 .
Proposition 3.1. [8] The canonical homogenous map pI : TI → NI is a twistor
fibration with respect to the almost complex structure J2.
For later use we also note that that PI ∩ G is precisely the fixed set for the
automorphism
(13) σI = Ad exp(
2π
k
ξI)
of order k, where
k = max{α(ξI)/i : α ∈ Φ+}+ 1.
Hence the flag manifold TI also carries a structure of a k-symmetric space. Let ω
be the primitive k-th root of unity and for each j = 0, . . . , k − 1 let
(14) gjξI =
∑
i=j mod k
g
ξI
i
8 N. CORREIA, R. PACHECO, AND M. SVENSSON
be the eigenspace of σI with eigenvalue ω
j .
3.3. The canonical fibrations of OP 2. We are now in a position to study the
canonical projections for the Cayley plane. We follow the notation set out in Ap-
pendix A. It is easy to see that there are exactly three flag manifolds fibering
canonically over OP 2 [13, §7], corresponding to the following subsets of simple
roots:
(15) I = {α3}, I = {α4}, I = {α3, α4}.
We denote the corresponding flag manifolds T3, T4 and T34, respectively. It is easy
to see that
T3 =F4/(SU(3)×U(1)× SU(2))
T4 =F4/(Spin(7)×U(1))
T34 =F4/(SU(3)×U(1)×U(1)).
These spaces may be interpreted geometrically as follows.
Proposition 3.2. ([20], Proposition 6.6) The flag manifold T4 is the space of all
isotropic lines of h03(O)
C, that is,
T4 = {ℓ ∈ P(h03(O)C) : ℓ2 = 0}.
Proposition 3.3. ([20], Proposition 6.7) The flag manifold T3 is the space of two-
dimensional isotropic subspaces C ⊂ h03(O)C satisfying C2 = 0 (with respect to the
usual matrix product).
Proposition 3.4. The flag manifold T34 is the space of all pairs (ℓ, C), where
ℓ ∈ T4, C ∈ T3 and ℓ ⊂ C.
Proof. Given such a pair (ℓ, C), the stabilizer of this pair in F4 is the stabilizer of ℓ
in the stabilizer of C. The latter is SU(3)×U(1)×SU(2) where the first factor acts
trivially on C and the third factor acts by the standard 2-dimensional representation
on C. Since this is transitive on the lines in C with stabilizer U(1), we conclude
that F4 is transitive on such pairs with stabilizer SU(3)×U(1)×U(1). 
We may also embed OP 2 as the connected component of
√
e = {g ∈ F4 : g2 = e} ⊂ F4
containing exp(πξI), where I is one of the sets in (15) (see Appendix C). This is
a totally geodesic embedding of OP 2 into F4. Similarly, TI can be identified with
the connected component of k
√
e containing the element
exp
(2π
k
ξI
)
.
The Lie group F4 acts on both the images of OP
2 and TI by conjugation, and
pI
(
exp
(2π
k
ξI
))
= exp(πξI).
This can be made more explicit via the fundamental representation, henceforth
denoted by ρ, of F4 and f4 (see Appendix A). Recall the isometry Gr
a ∼= OP 2
from Theorem 2.1. The subspace in Gra corresponding to exp(πξI) is exactly the
(+1)-eigenspace of ρ(exp(πξI). Denoting this space by V we have
ρ(exp(πξI)) = πV − πV ⊥ ,
9where πW denotes orthogonal projection onto a subspace W .
Let us first consider the 3-symmetric space T4, the flag manifold of isotropic
lines in h03(O)
C. This is a 3-symmetric space. The parabolic group P4 stabilizes the
isotropic line ℓ =W12 which we thus choose as our base point. We now have
ρ (H4) =


0, onW0 ⊕W1 ⊕W2 ⊕W3
i, onW4 ⊕W5 ⊕W6 ⊕W7 ⊕W8 ⊕W9 ⊕W10 ⊕W11
2i, onW12
.
It follows from the multiplication table in Appendix A that
ℓs =
∑
i≥−3
Wi
is the stabilizer of ℓ, i.e., the maximal subspace satisfying ℓs · ℓ ⊆ ℓ. The (+1)-
eigenspace of ρ(exp(πH4)) is ℓ⊕ℓ¯⊕(ℓs∩ℓs) and we thus conclude that the projection
p4 : T4 → OP 2 is given by
(16) p4(ℓ) = ℓ⊕ ℓ⊕ (ℓs ∩ ℓs) (ℓ ∈ T4).
We now consider the 4-symmetric space T3. The parabolic group P3 stabilizes
the isotropic 2-dimensional subspace C =W11⊕W12 which thus corresponds to our
base point. We have
ρ (H3) =


0, onW0 ⊕W4
i, onW1 ⊕W2 ⊕W3 ⊕W5 ⊕W6 ⊕W7
2i, onW8 ⊕W9 ⊕W10
3i, onW11 ⊕W12
.
Observe that the stabilizer Cs and the annihilator of C, i.e., the maximal subspace
Ca satisfying Ca · C = 0, are given by
Cs =W−4 ⊕
∑
i≥0
Wi and Ca =
∑
i>0,i6=4
Wi,
respectively. We also have C2a =
∑
i≥8Wi and we thus conclude that the projection
p3 : T3 → OP 2 is given by
(17) p3(C) = (C2a ∩ C⊥)⊕ (Cs ∩ Cs)⊕ (C2a ∩ C⊥) (C ∈ T3).
The flag manifold T34 is a 6-symmetric space and the parabolic group P3 ∩P4 =
P34 stablizes the pair (ℓ, C) = (W12,W11 ⊕W12) which we thus take as our base
point. We have
ρ (H3 +H4) =


0, onW0
i, onW1 ⊕W2 ⊕W3 ⊕W4
2i, onW5 ⊕W6 ⊕W7
3i, onW8 ⊕W9 ⊕W10
4i, onW11
5i, onW12
.
Let Cℓ be the maximal subspaces satisfying Cℓ · C ⊆ ℓ, so that
Cℓ =
∑
i≥1
Wi, C2ℓ =
∑
i≥5
Wi and C3ℓ =
∑
i≥8
Wi.
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By identifying the (+1)-eigenspace of ρ(exp(π(H3+H4)) we thus conclude that the
projection p34 : T3 → OP 2 is given by
(18) p34(ℓ, C) = (C ∩ ℓ⊥)⊕ (C2ℓ ∩ C3ℓ⊥)⊕ (Cℓ
⊥ ∩ C⊥ℓ )
⊕ (C ∩ ℓ⊥)⊕ (C2ℓ ∩ C3ℓ⊥) ((ℓ, C) ∈ T34).
3.4. Twistor lifts. In this section we investigate the condition of a map into one
of the TI to be holomorphic with respect to the almost complex structure J2 in-
troduced in the previous section. Using Proposition 3.1 this will then imply har-
monicity of the resulting map into OP 2. To avoid cumbersome notation, we will
denote the trivial bundle M × h03(O)C by just h03(O)C.
Lemma 3.5. Let ψ : M → TI = FC4 /PI be a smooth map and set ϕ = pI ◦ ψ :
M → OP 2. Then ψ is J2-holomorphic (so that ϕ is harmonic) if and only if:
(i) when I = {3}, ψ = C is a rank 2 holomorphic subbundle of h03(O)C with
respect to Dϕz¯ , contained in kerA
ϕ
z .
(ii) when I = {4}, ψ = ℓ is a holomorphic line subbundle of h03(O)C with respect
to Dϕz¯ , contained in kerA
ϕ
z .
(iii) when I = {3, 4}, ψ = (ℓ, C), ℓ and C are holomorphic subbundles of h03(O)C
with respect to Dϕz¯ , with ℓ contained in kerA
ϕ
z and A
ϕ
z (C) ⊂ ℓ.
Proof. We will prove the lemma for I = {4}, the remaining cases are similar.
Assume first that ψ = ℓ is J2-holomorphic. Let us fix a point z0 ∈M and assume
that ψ(z0) = W12. In view of (11) and (12), it is clear that ρ(H1,0J2 )W12 = 0. We
also have ρ(V1,0J2 )(ϕ ∩W⊥12) ⊥ W12, because V
1,0
J2
is a direct sum of negative root
spaces.
The condition ρ(H1,0J2 )W12 = 0 means that ψ = ℓ lies in kerAϕz at z0, while
the condition ρ(V1,0J2 )(ϕ ∩W⊥12) ⊥ W12 means that D
ϕ
z¯ (ℓ) ⊂ ℓ. Consequently ℓ is
a holomorphic line bundle with respect to Dϕz¯ contained in kerA
ϕ
z . We leave the
converse to the reader. 
4. Nilconformal Harmonic Maps
Recall that a harmonic map ϕ : M → G ⊂ U(n) is said to be nilconformal
if Aϕz is a nilpotent element of the Lie algebra g
C at each point. It follows from
the holomorphicity of Aϕz that any harmonic map ϕ : S
2 → G is nilconformal. By
Engel’s theorem we know that Aϕz is also nilpotent at each point as a complex linear
endomorphism of Cn.
Let N (gC) be the complex algebraic variety of nilpotent elements of gC. Given a
nilpotent element A ∈ N (gC), the least r such that Ar = 0 is called the nilorder of
A. Let Nr(gC) be the subset of all nilpotent elements of nilorder r. With respect to
the Zariski topology, Nr(gC) is open and its closure Nr(gC) is a complex algebraic
subvariety. Since Aϕz is holomorphic and M has complex dimension 1, if follows
that, off some discrete subset of M , Aϕz takes values in Nr(gC) for some r. In this
case we say that ϕ has nilorder r.
The variety Nr(gC) decomposes further into a disjoint union of conjugacy classes
OX of nilpotent elements under the adjoint action of GC (the nilpotent GC-orbits).
A basic fact from the theory of algebraic groups is that each orbit OX is open in
its Zariski closure OX , and the latter is a complex algebraic subvariety.
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Theorem 4.1. Let ϕ : M → G be a nilconformal harmonic map. Then, off a
discrete subset of M , Aϕz takes values in a single nilpotent G
C-orbit.
Consider now a symmetric space G/K totally geodesically immersed in G and
let g = k ⊕ m be the corresponding symmetric decomposition. Suppose that ϕ
corresponds to a nilconformal harmonic map with values in G/K. In this case,
Aϕz is a holomorphic section of the bundle [m]
C whose fibre at the point gK is
Ad g(mC) . Let ψ : M → G be a (local) lift of ϕ into G so that ϕ = ψK. Then
Adψ(Aϕz ) takes values in a single conjugacy class of nilpotent elements in m
C under
the adjoint action of KC.
Proposition 4.2. Any weakly conformal harmonic map from a Riemann surface
to OP 2 is nilconformal with nilorder r ≤ 5.
Proof. A weakly conformal harmonic map from a Riemann surfaceM is a conformal
immersion off a discrete set of points where its differential vanishes. Hence the result
follows from Proposition 2.3. 
Making use of the classification of nilpotent orbits in Lie algebras as described in
[12], we see that there are precisely two such nontrivial nilpotent orbits associated
to the Cayley plane (see Appendix B for more details): if we consider the base
point V0 ∈ Gra ∼= OP 2 given, in terms of weight spaces, by
(19) V0 =W11 +W7 +W6 +W5 +W0 +W−5 +W−6 +W−7 +W−11,
and the corresponding symmetric decomposition f4 = k ⊕ m given by (10), with
I = {3, 4}, then one of the orbits is represented by X4 ∈ mC and the other orbit
represented by X3 + X4 ∈ mC, where X3 and X4 nonzero elements of the root
spaces (f4)α3 and (f4)α4 , respectively.
4.1. J2-lifts. Suppose that we have a nilconformal harmonic map ϕ : M → OP 2.
Then, off a discrete subset of M , Aϕz takes values in a single F
C
4 -orbit of nilpotent
elements in fC4 . More precisely, A
ϕ
z is a section of [m
C] ∩ OX with X = X4 or
X = X3 +X4. We will show that in both cases (see §4.1.1 and §4.1.2) ϕ admits a
J2-holomorphic lift into T4, so that the following holds.
Theorem 4.3. Any weakly conformal harmonic map ϕ : M → OP 2 admits a
J2-holomorphic lift into T4.
4.1.1. The case X = X4. In this case, X acts as follows with respect to the funda-
mental representation:
W−12 7→W−11 W−7 7→W−3 W−6 7→W−2 W−5 7→W−1 W−4 7→W0
W0 7→W4 W1 7→W5 W2 7→W6 W3 7→W7 W11 7→W12
and X(Wi) = 0 otherwise. We note from this that
ImX2 =W4 ⊂ V ⊥0 .
Lemma 4.4. X has nilorder 3, dim ImX2 = 1 and ImX2 ⊂ V ⊥0 .
Proof. Clearly, X3 = 0 and X2(Wi) = 0 for all i 6= −4. However, since α4 is
a weight, we cannot have X2 = 0, for this would imply that W4 + X(W−4) is a
representation of sl2, which is impossible. 
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Let (W4)a be the annihilator of W4 = ImX
2, i.e., the maximal subspace W of
h03(O)
C satisfying W ·W4 = 0. It follows easily that
(W4)a =W−11 +W−10 +W−9 +W−8 +W−3 +W−2 +W−1 +W
′
0
+W4 +W5 +W6 +W7 +W8 +W9 +W10 +W12,
where W ′0 = (W4)a ∩W0 satisfies W ′0 = W ′0 and W ′02 ⊂ W ′0⊥ according to Lemma
A.1. From this we get
(W4)a ∩ (W4)2a ∩ ϕ =W−11 +W7 +W6 +W5.
Since Aϕz is a holomorphic section of [m
C]∩OX4 , we can use the standard procedure
of filling out zeros [9, Proposition 2.2] at points where (Aϕz )
2 does not have maximal
rank in order to make A = Im(Aϕz )
2 a Dϕz -holomorphic subbundle of ϕ
⊥. As above,
denote by Aa the annihilator of A and set
D = A2a ∩ Aa ∩ ϕ.
It follows easily that D is a holomorphic, isotropic subbundle of ϕ contained in the
kernel of Aϕz . Hence, any holomorphic line subbundle of D will suffice as a twistor
lift of ϕ. What remains is therefore only to show that there exists a line subbundle
of D. If M is non-compact and all holomorphic bundles therefore holomorphically
trivial, finding a holomorphic line subbundle of D is certainly possible. When M is
compact it is well-known that there exists a non-trivial meromorphic section η of D.
The zeros and poles of η constitute a finite set, and we can use the standard method
to “extend” the line bundle span{η} across this set. Hence we have a holomorphic
line subbundle of D across the entire surface.This completes the proof.
4.1.2. The case X = X3 +X4. In this case, X acts as follows with respect to the
fundamental representation:
W−12 7→W−11 7→ W−10 7→ 0, W10 7→W11 7→ W12 7→ 0
W−9 7→W−7 7→W−3 7→ 0, W3 7→W7 7→W9 7→ 0
W−8 7→W−6 7→W−2 7→ 0, W2 7→W6 7→W8 7→ 0
W−5 7→W−1 +W−4 7→W0 7→W1 +W4 7→W5 7→ 0
Lemma 4.5. ImX3|ϕ⊥ is a holomorphic line subbundle of ϕ.
Proof. It is easy to see that the root spaces associated to the roots α3, α4 and
α3+α4 and their commutators generate a copy of sl3 inside f4, the action of which
on
W5 +W1 +W4 +W0 +W−1 +W−4 +W−5
is precisely its adjoint representation. From a simple calculation we thus see that
X3(W1 +W4) =W−5. 
Since ℓ = ImX3|ϕ⊥ is easily seen to be in the kernel of A
ϕ
z , this defines a J2-
holomorphic twistor lift of ϕ into T4.
This concludes the proof of Theorem 4.3.
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5. Harmonic maps of finite uniton number in OP 2.
As first observed by K. Uhlenbeck [32], equations (8) and (9) can be reformulated
in terms of the flatness of the one-parameter family of connections d+Aϕλ onM×Cn,
where
(20) Aϕλ = (1 − λ−1)Aϕz dz + (1 − λ)Aϕz¯ dz¯ (λ ∈ S1).
When M is simply connected we may integrate Aϕλ to obtain an extended solution
Φ :M → ΩG = {γ : S1 → G (smooth) : γ(1) = e},
satisfying Φ−1dΦ = Aϕλ and Φλ=−1 = ϕ; such a map Φ is unique up to left multi-
plication by a constant loop.
Remark 5.1. Some authors use a slightly different convention for the loop of flat
connections associated to a harmonic map. In [4] and [5], for example, λ is replaced
by λ−1 in the definition of (20). In the present paper we shall make use of both
these conventions: when dealing with harmonic maps of finite uniton number we
use Aϕλ defined by (20); when dealing with harmonic maps of finite type in Section
§6 and Appendix C, we shall replace λ by λ−1.
When the Fourier series in λ ∈ S1 associated to an extended solution has finitely
many terms, the extended solution and the corresponding harmonic map are said
to have finite uniton number. It is well known that any harmonic map from the 2-
sphere into a compact Lie group has finite uniton number [32]. Among the extended
solutions of finite uniton number, the simplest case occurs when Φ :M → ΩG takes
values in a G-conjugacy class of homomorphisms S1 → G. Such extended solutions
are said to be S1-invariant. Next we shall establish the general form for S1-invariant
extended solutions corresponding to maps into OP 2.
We denote by Gr(G) the Grassmannian model [26] for the loop group ΩG. When
G = U(n), then we simply write Gr = Gr(U(n)). This model associates to each
loop γ ∈ ΩG the closed subspace V ∈ Gr(G) of H = L2(S1,Cn) defined by V =
γH+, where H+ is the closed subspace of H consisting of Fourier series whose
negative coefficients vanish. For example, from [26, Proposition 8.5.1] we know
that Gr(SO(n)) =
{
V ∈ Gr : V¯ ⊥ = λV }.
We can use the complex bilinear product in h03(O)
C to define a product on the
Hilbert space H of square-summable C26 ∼= h03(O)C-valued functions on the circle:
if f, g ∈ H, then (f · g)(λ) = f(λ) · g(λ). The Grassmannian model of ΩF4 is given
by the following proposition, whose proof we omit since it is analogous to that of
Proposition 3.2 in [14] for the G2 case (see also the proof of Theorem 8.6.2 in [26]).
Proposition 5.2. With respect to the fundamental representation of F4, we have:
Gr(F4) = {V ∈ Gr
(
SO(26)
)
: V sm · V sm ⊆ V sm}.
where V sm denotes the subspace of smooth functions in V , which is dense in V[26].
As Segal [28] has observed, a smooth map Φ :M → ΩG is an extended solution if
and only if W = ΦH+ satisfies ∂zW ⊆ λ−1W (the pseudo-horizontality condition)
and ∂z¯W ⊆ W (W is a holomorphic vector subbundle of M ×H), with respect to
any local complex coordinate system (U, z). Hence, given an S1-invariant extended
solution Φ, we have
W = Asλ
s + As+1λ
s+1 + . . .+ λrAr + λ
rH+,
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for some integers s ≤ r, where As ⊆ As+1 ⊆ . . . ⊆ Ar is a superhorizontal sequence
of holomorphic subbundles of M ×Cn, i.e., the holomorphic subbundles Ai satisfy
∂zAi ⊆ Ai+1.
Burstall and Guest [6] have shown that, after a normalization procedure, if G has
trivial centre, any S1-invariant extended solution takes values in the G-conjugacy
class of a homomorphism
γI(λ) = exp (−i ln(λ)ξI),
with ξI =
∑
i∈I Hi as defined in Section §3.2. Clearly, there are only three such
conjugacy classes associated to harmonic maps into OP 2: I = {3}, I = {4}, and
I = {3, 4}. The representation of the corresponding canonical elements ξI have
been described in Section §3.3. Hence we have:
Theorem 5.3. Let ϕ :M → OP 2 be a harmonic map associated to an S1-invariant
extended solution. Then ϕ admits an extended solution Φ such that W = ΦH+ :
M → Gr(F4) is given by one of the following forms:
(i)
W = ℓλ−2 + ℓ¯⊥s λ
−1 + ℓs + ℓ¯
⊥λ+ λ2H+,
where ℓ is a holomorphic subbundle of isotropic lines in h03(O)
C and ℓs is
the stabilizer of ℓ. In this case, ψ = ℓ¯ :M → T4 is a J2-holomorphic lift of
ϕ.
(ii)
W = Cλ−3 + C2aλ−2 + C¯⊥s λ−1 + Cs + C¯2a
⊥
λ+ C¯⊥λ2 + λ3H+,
where C is holomorphic subbundle of isotropic two-planes in h03(O)C sat-
isfying C2 = 0, Cs its stabilizer and Ca its annihilator. In this case,
ψ = C¯ :M → T3 is a J2-holomorphic lift of ϕ.
(iii)
W = ℓλ−5 + Cλ−4+C3ℓλ−3 + C2ℓλ−2 + Cℓλ−1
+ C¯⊥ℓ + C¯2ℓ
⊥
λ+ C¯3ℓ
⊥
λ2 + C¯⊥λ3 + ℓ¯⊥λ4 + λ5H+,
where ℓ ⊂ C, ℓ is a holomorphic subbundle of isotropic lines in C, C is
holomorphic subbundle of isotropic two-planes in C satisfying C2 = 0, and
Cℓ is the maximal subbundle satisfying Cℓ · C ⊆ ℓ. In this case, ψ = (ℓ¯, C¯) :
M → T34 is a J2-holomorphic lift of ϕ.
Example 5.4. Following the procedure introduced by Burstall and Guest [6] for
obtaining harmonic maps of finite uniton number from a Riemann surface M into
an inner symmetric space in terms of meromorphic functions on M , we give next
an explicit example of a J2-holomorphic lift ψ = ℓ¯ into T4 of a harmonic map ϕ
from S2 = C∪{∞} into OP 2 associated to a S1-invariant extended solution in the
conjugacy class I = {4}.
With the same notations of [6], since max{α(H4)/i : α ∈ Φ+} = 2, any such
harmonic map ϕ admits an extended solution of the form
Φ = exp(C) · γ : S2 → F4,
where γ(λ) = exp(−i ln(λ)H4) and
C = c10 + c
2
0 : S
2 → (f4)H41 ⊕ (f4)H42
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is a meromorphic function satisfying(
c20
)
z
− 1
2!
[
c10,
(
c10
)
z
]
= 0.
Here ci0 is the component of C in (f4)
H4
i , with i = 1, 2. The corresponding holo-
morphic line bundle ℓ is then given by
(21) ℓ = ρ(exp (C))W−12 =
(
Id+ ρ(C) +
ρ(C)2
2
+
ρ(C)3
3!
+
ρ(C)4
4!
)
W−12.
For each α with α(H4) = i, fix Xα ∈ (f4)α ⊂ (f4)H41 . Take
c10 = z
2Xα4 + zXα2+α3+α4 ,
then (
c10
)
z
= 2zXα4 +Xα2+α3+α4 .
Since [(f4)α4 , (f4)α2+α3+α4 ] = 0, we can take c
2
0 = 0. Fix vectors wi ∈ h03(O)C such
that Wi = span{wi} and
w−11 = Xα4w−12, w−9 = Xα2+α3+α4w−12.
Since ρ(C)2 = 0, from (21) we obtain
ℓ(z) = 〈w−12 + z2w−11 + zw−9〉.
6. Harmonic Tori in OP 2.
In this section we consider harmonic tori in OP 2 and show that these are either
of finite type or finite uniton number but not both. Recall that the twistor space
T4 is a 3-symmetric space and that
(f4)
C = (f4)
H4
−2 ⊕ (f4)H4−1 ⊕ (f4)H40 ⊕ (f4)H41 ⊕ (f4)H42 .
At the base point x0 = eK, with K = Spin(7)×U(1), we have
(22) T 1,0J2 T4 = (f4)
H4
1 ⊕ (f4)H4−2.
In this case, we see from (14) and (22) that (f4)
1
H4
coincides with T 1,0J2 T4, which
means that a smooth map ℓ : M → T4 is J2-holomorphic if and only if ℓ is a
primitive map into T4 (see Appendix C). In particular, ℓ is harmonic with respect
to a suitable metric of T4.
Since h03(O) is 26-dimensional, T4 can be naturally embedded in CP
25. This
embedding is not totally geodesic, and therefore, in general, will not preserve har-
monicity. However, we have the following.
Proposition 6.1. Let ℓ : M → T4 ⊂ CP 25 be J2-holomorphic as a map into T4.
Then ℓ is harmonic as a map into CP 25.
Proof. Consider the mutual orthogonal vector subbundles
V0 = ℓ, V1 = ℓs ∩ ℓs, V2 = ℓ⊕ (ℓs⊥ ∩ ℓ⊥), V3 = ℓs⊥ ∩ ℓ⊥.
We have h03(O)
C = V0 ⊕ V1 ⊕ V2 ⊕ V3 and the corresponding diagram, in the sense
of [9], is given by
(23) V0 V1 V2 V3
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Here the arrow from Vi to Vj represents the second fundamental form A
′
Vi,Vj
and
the absence of an arrow indicates that the corresponding second fundamental form
vanishes.
To see why the diagram is true, we may without loss of generality assume that,
at some fixed point z0 of M , ℓ(z0) is the base point of T4 which we identify with
W12 as in 3.3. Since ℓ is J2-holomorphic, the possible nonvanishing arrows are then
given by the action of T 1,0J2 T4 on Vj , which can be described by writing T
1,0
J2
T4 in
terms of root spaces and Vj in terms of weight spaces. For example, since (f4)
H4
1 is
a direct sum of positive root spaces and W12 is the highest weight space, we have
(f4)
H4
1 W12 = 0. On the other hand, since (f4)
H4
−2 =
∑
α(H4)=−2i
(f4)α, and taking
into account the list of roots and weights in the Appendix A, we see that
(24) (f4)
H4
−2W12 ⊂W−3 ⊕W−2 ⊕W0 ⊕W1 ⊕W2 ⊕W3.
From the multiplication table in Appendix A, the right-hand side in (24) is precisely
(W12)s ∩ (W12)s. By F4-invariance, we conclude that A′V0,Vj = 0 for all j 6= 1.
By Proposition 1.6 of [9], we see from (23) that each Vi is harmonic as a map into
an appropriate Grassmannian. In particular, ℓ is harmonic as a map into CP 25. 
Any non-constant harmonic map from T 2 into CPn is either of finite type or
finite uniton number but not both [4, 21, 23]. Harmonic maps of finite type are
constructed from commuting Hamiltonian flows on finite dimensional subspaces of
a loop algebra. In Appendix C we review briefly this theory and prove two technical
lemmas that are useful in the proof of the following theorem.
Theorem 6.2. Let ϕ : T 2 → OP 2 be a non-constant harmonic map with a J2-
holomorphic twistor lift ℓ : T 2 → T4. Then ϕ is either of finite uniton number or
of finite type but not both.
Proof. We use the standard representation ρ to embed F4 in SU(26). Fix the
isotropic line x0 =W12 of C
26 ∼= h03(O)C as base point, both for T4 and CP 25. We
interpret maps from the torus T 2 as doubly periodic maps from C. Let F : C →
F4 ⊂ SU(26) be a framing of the J2-holomorphic lift ℓ, i.e., ℓ = Fx0. Without loss
of generality, we assume that F (0) = e.
By Proposition 6.1, ℓ is harmonic as a map into the symmetric space CP 25. As
such, ℓ is known to be either of finite type or of finite uniton number but not both.
We first show that the same holds when ℓ is viewed as a primitive map into the
3-symmetric space T4.
Let σ be the automorphism of order 3 of F4 associated to T4 at x0. As a
primitive map into T4, we use the Cartan immersion ισ : T4 → F4, as defined in
(34), to identify ℓ with the map
(25) ψ = σ(F )F−1 : T 2 → ισ(T4) ⊂ F4.
Similarly, let τ be the involution of SU(26) associated to the symmetric space CP 25
at x0, We use the totally geodesic Cartan immersion ιτ : CP
25 → SU(26) to identify
ℓ with the harmonic map
(26) ψ˜ = τ(F )F−1 : T 2 → ιτ (CP 25) ⊂ SU(26).
Let su(26) = su(25) ⊕ m be the symmetric decomposition associated to the
involution τ . We have (f4)
1
H4
⊂ mC and (f4)0H4 ⊂ su(25). Since ℓ is primitive,
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ψ−1ψz is a section of ψ
∗[(f4)
1
H4
]. In terms of the local framing F , this implies that
(27) F−1Fz = (F
−1Fz)
1 + (F−1Fz)
0,
where (F−1Fz)
1 and (F−1Fz)
0 are the components of F−1Fz along (f4)
1
H4
and
(f4)
0
H4
, respectively. From (25), (26) and (27) we obtain
(28) ψ−1ψz =
(1− ω)
2
ψ˜−1ψ˜z,
where ω is the primitive 3rd root of unity.
Let Φ : C→ ΩSU(26) be the unique extended solution associated to ψ˜ satisfying
(29) Φ−1Φz =
(1− λ)
2
ψ˜−1ψ˜z , Φ(0) = e.
We have Φ−1 = ψ˜. Since ψ
−1ψz takes values in f4, we see from (28) and (29)
that ψ˜−1ψ˜z also takes values in f4 and that Φ
−1Φz takes values in Ωf4. Moreover,
Φ−1Φz at ω coincides with ψ
−1ψz. Hence ψ˜ takes values in F4, Φ takes values ΩF4
and Φ is an extended solution associated to the primitive map ψ, that is, Φω = ψ.
Suppose that the harmonic map ψ˜ is of finite uniton number, and choose Φ to
have finite Fourier series. Then the primitive map ψ will also have finite uniton
number as it has the same extended solution.
Suppose on the other hand that ψ˜ : T 2 → ιτ (CP 25) ∩ F4 ⊂ SU(26) is of finite
type. This means (see Appendix C) that there exists an adapted τ -twisted polyno-
mial Killing field ξ : C → Ωdsu(26) with ψ˜−1ψ˜z = 4iξd. By Lemma C.1, ψ˜ = Φ−1
is harmonic of finite type as a map into F4. Hence, by Lemma C.4, ψ = Ψω is a
primitive map of finite type, i.e., there exists a σ-twisted polynomial Killing field
associated to ψ.
We conclude that ℓ, viewed as a primitive map into the 3-symmetric space T4, is
either of finite type or of finite uniton number but not both. The statement of the
theorem follows now from the fact, since T4 is a 3-symmetric space, the homogenous
projection p4 : T4 → OP 2 preserves finite type and finite uniton number properties
(see [23]). 
Corollary 6.3. Any non-constant harmonic map ϕ : T 2 → OP 2 is either of finite
type or of finite uniton number but not both.
Proof. Since OP 2 is a rank one symmetric space, it is known [5] that ϕ is of finite
type if ϕ is not weakly conformal.
Assume that ϕ is weakly conformal. By Proposition 2.3, ϕ is nilconformal and
from our results of Section §4.1, ϕ admits a J2-holomorphic lift into T4. The
corollary follows now from Theorem 6.2. 
Appendix A. F4: roots and fundamental representation
In this appendix we describe the fundamental representation of F4 in more Lie
theoretic terms, making it possible to connect it to the general twistor theory for
harmonic maps into Lie groups and (inner) symmetric spaces. Our main references
are [1], [17] and [19].
Denote by f4 the Lie algebra of F4 and let Φ
+ = {α1, α2, α3, α4} be a set of
positive simple roots, forming the following familiar Dynkin diagram:
α1 α2 α3 α4
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The longest root of f4 is 2α1 + 3α2 + 4α3 + 2α4, which is easily seen to be a
fundamental dominant weight for f4 corresponding to the node α1 in the Dynkin
diagram. By including the root α0 = −(2α1+3α2+4α3+2α4) we get the extended
Dynkin Diagram
α0 α1 α2 α3 α4
By removing α4 from this we recover the Dynkin diagram of the subalgebra spin(9)
in f4. This also shows that, as representations of spin(9) we have
f4 = spin(9) + ∆9,
where ∆9 is the spin-representation of spin(9). It follwos that that the positive
roots of f4 are Φ
+ and
α1 + α2, α2 + α3, α3 + α4, α2 + 2α3, α1 + α2 + α3, α2 + α3 + α4,
α1 + α2 + 2α3, α1 + α2 + α3 + α4, α2 + 2α3 + α4, α1 + 2α2 + 2α3,
α2 + 2α3 + 2α4, α1 + α2 + 2α3 + α4, α1 + α2 + 2α3 + 2α4,
α1 + 2α2 + 2α3 + α4, α1 + 2α2 + 2α3 + 2α4, α1 + 2α2 + 3α3 + α4,
α1 + 2α2 + 3α3 + 2α4, α1 + 2α2 + 4α3 + 2α4, α1 + 3α2 + 4α3 + 2α4,
2α1 + 3α2 + 4α3 + 2α4.
The roots with coefficient 1 in front of α4 are weights of spin(9) on ∆9, the rest are
the roots of spin(9).
Since left multiplication with P = diag(1, 0, 0) on h3(O) commutes with the
action of spin(9), the decomposition of h3(O) in (2) is also a decomposition of
h3(O) into spin(9) representations. In fact we have
A 1
2
(P ) = ∆9
and
A0(P ) = 1 + λ
1
9,
where 1 denotes the trivial representation spanned by diag(0, 1, 1) and λ19 the vector
representation of spin(9). As spin(9) acts trivially on A1(P ) we get
h3(O) = 2 · 1 + ∆9 + λ19.
Taking the trace free part we get the fundamental representation of F4 decomposing
under spin(9) as
h03(O) = 1 +∆9 + λ
1
9,
where the trivial representation is spanned by diag(−2, 1, 1). With this we can
now calculate the weights of the fundamental representation and find that these
are precisely the short roots of f4:
w12 = α1 + 2α2 + 3α3 + 2α4, w11 = α1 + 2α2 + 3α3 + α4,
w10 = α1 + 2α2 + 2α3 + α4, w9 = α1 + α2 + 2α3 + α4,
w8 = α2 + 2α3 + α4, w7 = α1 + α2 + α3 + α4, w6 = α2 + α3 + α4,
w5 = α3 + α4, w4 = α4, w3 = α1 + α2 + α3, w2 = α2 + α3, w1 = α3,
plus their negatives, all of which have multiplicity 1, and w0 = 0 with multiplicity
2. We will henceforth denote by Wi the weight space associated to the weights wi.
Note that, for any two weight spaces Wi and Wj , we have
Wi ·Wj ⊆ the weight space associated to the weight wi + wj ,
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where the corresponding weight space is zero in case wi + wj is not a weight. The
full multiplication table for the weight spaces is as follows:
· W0 W1 W2 W3 W4 W5 W6 W7 W8 W9 W10 W11 W12
W−12 W−12 0 0 0 W−11 W−10 W−9 W−8 W−7 W−6 W−5 W−4 W0
W−11 W−11 W−10 W−9 W−8 0 0 0 0 W−3 W−2 W−1 W0 W4
W−10 W−10 0 W−7 W−6 0 0 W−3 W−2 0 0 W0 W1 W5
W−9 W−9 W−7 0 W−5 0 W−3 0 W−1 0 W0 0 W2 W6
W−8 W−8 W−6 W−5 0 0 W−2 W−1 0 W0 0 0 W3 W7
W−7 W−7 0 0 W−4 W−3 0 0 W0 0 W1 W2 0 W8
W−6 W−6 0 W−4 0 W−2 0 W0 0 W1 0 W3 0 W9
W−5 W−5 W−4 0 0 W−1 W0 0 0 W2 W3 0 0 W10
W−4 W−4 0 0 0 W0 W1 W2 W3 0 0 0 0 W11
W−3 W−3 0 0 W0 0 0 0 W4 0 W5 W6 W8 0
W−2 W−2 0 W0 0 0 0 W4 0 W5 0 W7 W9 0
W−1 W−1 W0 0 0 0 W4 0 0 W6 W7 0 W10 0
W0 W0 W1 W2 W3 W4 W5 W6 W7 W8 W9 W10 W11 W12
W1 W1 0 0 0 W5 0 W8 W9 0 0 W11 0 0
W2 W2 0 0 0 W6 W8 0 W10 0 W11 0 0 0
W3 W3 0 0 0 W7 W9 W10 0 W11 0 0 0 0
W4 W4 W5 W6 W7 0 0 0 0 0 0 0 W12 0
W5 W5 0 W8 W9 0 0 0 0 0 0 W12 0 0
W6 W6 W8 0 W10 0 0 0 0 0 W12 0 0 0
W7 W7 W9 W10 0 0 0 0 0 W12 0 0 0 0
W8 W8 0 0 W11 0 0 0 W12 0 0 0 0 0
W9 W9 0 W11 0 0 0 W12 0 0 0 0 0 0
W10 W10 W11 0 0 0 W12 0 0 0 0 0 0 0
W11 W11 0 0 0 W12 0 0 0 0 0 0 0 0
W12 W12 0 0 0 0 0 0 0 0 0 0 0 0
Table 1. Multiplication table for the weight spaces
According to [1, Theorem 16.7] we may take W0 to be the space of diagonal
matrices in h03(O). We will need the following technical lemma, where (W4)a =
{x ∈ h03(O) : x ·W4 = 0} denotes the annihilator of W4.
Lemma A.1. Let W ′0 = (W4)a ∩W0. Then W ′0 =W ′0 and W ′02 ⊂W ′0⊥.
Proof. It is clear that W ′0 is 1-dimensional. Assume that
v = diag(a, b, c) ∈ (W4)a ∩W0
and let
z =

 0 x yx∗ 0 0
y∗ 0 0


be a non-zero element in W4 ⊂ A 1
2
(P ). Then
v · z = 1
2

 0 (a+ b)x (a+ c)y(a+ b)x∗ 0 0
(a+ c)y∗ 0 0

 .
Since z 6= 0, the condition that v · z = 0 implies that a + b = 0 or a + c = 0.
Since a + b + c = 0, we conclude that v is a multiple of either diag(1, 0,−1) or
diag(1,−1, 0). Either way, the proof now follows. 
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Appendix B. Nilpotent orbits associated to a symmetric space
In this appendix we give a brief outline of the classification of nilpotent orbits
associated to a symmetric space G/K, where G is a semisimple compact Lie group.
We give only the details needed to justify our results; for a more thorough exposi-
tion, including proofs, the reader is referred to [12].
Let g be a semisimple compact Lie algebra. Given a non-zero nilpotent element
X ∈ gC, we say that the triple {X,Y,H} is a standard triple for X if Y,H ∈ gC
satisfy
[H,X ] = 2X, [H,Y ] = −2Y, [X,Y ] = H.
The Jacobson-Morozov theorem states that standard triples for a non-zero nilpotent
element always exists. As the triple is a copy of an sl2 subalgebra in g
C, the adjoint
action of H on gC will have integer eigenvalues and decompose gC into eigenspaces.
Denote by gHi the eigenspace of H with eigenvalue i ∈ Z. From this, we may form
the Jacobson-Morozov parabolic subalgebra associated to X :
p = l⊕ u,
where
l = gH0 and u =
∑
i>0
gHi .
The nilpotent element X ∈ gC is said to be distinguished (in gC) if the only Levi
subalgebra of gC containing X is gC itself. It turns out that X is distinguished if
and only if
dim l = dim u/[u, u].
Any parabolic subalgebra p = l⊕ u ⊂ gC with Levi factor l satisfying this equality
is said to be distinguished (in gC). It is known that a distinguished parabolic sub-
algebra is the Jacobson-Morozov parabolic subalgebra of a distinguished element,
and this distinguished element lies in [u, u]⊥ ∩ u = gH2 .
Now, let l˜ be a Levi subalgebra of gC and p˜ a distinguished parabolic subalgebra
of the semisimple algebra [˜l, l˜]. The subalgebra p˜ is the Jacobson-Morozov parabolic
subalgebra of a distinguished element X in [˜l, l˜]. The element X is also nilpotent
in gC. It can be shown that this correspondence between pairs (˜l, p˜), with l˜ a Levi
subalgebra of gC and p˜ a distinguished parabolic subalgebra of [˜l, l˜], is invariant
under the adjoint action of GC. Moreover, the induced correspondence between
GC-conjugacy classes of such pairs and nilpotent orbits in gC is one-to-one. Thus,
the classification of such pairs (˜l, p˜) gives a classification of the nilpotent orbits in
gC.
Assume now that g = k ⊕ m is a symmetric decomposition of g. J. Sekiguchi
[29] proved that there is a natural bijection between nilpotent KC-orbits in mC and
nilpotent GR-orbits in gR, where GR is the noncompact real form of G
C associated
to the compact symmetric space G/K and gR its Lie algebra. These real orbits
were classified by D. Djokovic´ [15, 16].
We now apply this to the Cayley plane OP 2 = F4/Spin(9) with the symmetric
deomposition f4 = spin(9) ⊕ m given by (10) with I = {3, 4}. The correspond-
ing non-compact real form of FC4 is F4(−20) and, according to the classification
of nilpotent F4(−20)-orbits (see [12], p. 151) there are two non-trivial nilpotent
Spin(9)C-orbits in mC. Comparing with the classification of nilpotent FC4 -orbits in
fC4 (see [12], p 128) we can identify these two orbits as follows.
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(1) One of these orbits intersects the nilpotent FC4 -orbit that corresponds to the
Levi subalgebra l˜ = A˜1 ∼= sl(2) with a short f4 simple root, say α4. Clearly,
the subalgebra q˜ of [˜l, l˜] generated by H4 and the root space (f4)α4 is a
distinguished subalgebra. Then, any nonzero element X4 ∈ (f4)α4 ⊂ mC is
a representative of this nilpotent orbit.
(2) The second intersects the nilpotent FC4 -orbit that corresponds to the Levi
subalgebra l˜ = A˜2 ∼= sl(3) with the short f4 simple roots {α3, α4}. A distin-
guished parabolic subalgebra of [˜l, l˜] is the subalgebra q˜ = l˜⊕ u˜ generated by
H3, H4 and the root spaces (f4)α3 , (f4)α4 and (f4)α3+α4 . A representative
X of this nilpotent orbit lies in
[u˜, u˜]⊥ ∩ u˜ = (f4)α3 ⊕ (f4)α4 .
Observe that X must have nonzero components both in (f4)α3 and (f4)α4 ,
otherwise X would not be distinguished in A˜2. Then X is of the form
X = X3 + X4, with X3 and X4 nonzero elements of (f4)α3 and (f4)α4 ,
respectively.
Appendix C. Harmonic maps of finite type
In this appendix we review briefly the theory of harmonic maps of finite type.
We follow closely the paper [4] of F. Burstall and his notations (see also [5, 7]). We
also prove two technical lemmas that are useful in the proof of the Theorem 6.2.
C.1. Polynomial Killing fields and harmonic maps. Let G be a compact
simple Lie group with Lie algebra g. Set
Ωg = {γ : S1 → g (smooth) : γ(1) = 0},
and, for each non-negative integer d, define the finite-dimensional vector subspace
Ωdg = {ξ ∈ Ωg : ξ(λ) =
d∑
j=−d
(1 − λj)ξj , ξ¯j = ξ−j}.
It can be shown [5] that the vector fields X1 and X2 on Ωdg defined by
(30)
1
2
(X1 − iX2)(ξ) = [ξ, 2i(1− λ)ξd]
form a commuting pair of complete vector fields. Hence, given an initial condition
ξ0 ∈ Ωdg, we can integrate to get a map ξ : C→ Ωdg satisfying
(31)
∂ξ
∂z
= [ξ, 2i(1− λ)ξd], ξ(0) = ξ0.
Moreover, the Ωg-valued 1-form given by
(32) Aλ = 2i(1− λ)ξddz − 2i(1− λ−1)ξ−ddz¯ (λ ∈ S1)
is such that d + Aλ is a loop of flat connections, and so gives rise to an extended
solution Φ : C → ΩG satisfying Φ−1λ dΦλ = Aλ. The corresponding harmonic map
ϕ : C→ G is given by ϕ = Φ−1, so that ϕ−1ϕz = 4iξd. We say that ξ : C→ Ωdg is
a polynomial Killing field, ϕ is a harmonic map of finite type and Φ is an extended
solution of finite type.
Lemma C.1. Let G˜ ⊂ G be two compact simple Lie groups. If ϕ : C → G˜ ⊂ G
is a harmonic map of finite type as a map into G, then it is also of finite type as a
map into G˜.
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Proof. Since G is a compact simple Lie group, −B gives a G-invariant inner product
on g, where B is the killing form of g. Let ξ : C → Ωdg be a polynomial Killing
field associated to ϕ. Since ϕ takes values in G˜ and ϕ−1ϕz = 4iξd , the top term ξd
takes values in g˜C. Let ξ˜ be the orthogonal projection onto g˜C of ξ. Then we can
write ξ˜ =
∑d
j=−d(1− λj)ξ˜j , with ξ˜d = ξd.
We now claim that ξ˜ : C → Ωdg˜ satisfies (31). To see this write ξ = ξ˜ + ξ˜⊥.
Then
(33)
∂ξ
∂z
=
∂ξ˜
∂z
+
∂ξ˜⊥
∂z
= 2i[ξ˜, (1 − λ)ξd] + 2i[ξ˜⊥, (1− λ)ξd].
By applying the associativity property of B, we see that the term [ξ˜⊥, (1 − λ)ξd]
takes values in Ωg˜⊥. Hence, equating the components in (33) along Ωg˜ and Ωg˜⊥,
and in view of ξ˜d = ξd, we conclude that ξ˜ is a polynomial Killing field, as we have
claimed. Since ϕ−1ϕz = 4iξ˜d, the Killing field ξ˜ is adapted to the harmonic map
ϕ. 
C.2. Twisted polynomial Killing fields and primitive maps. Let G ⊂ U(n)
be a compact simple Lie group and let G/K be a k-symmetric space with automor-
phism σ at the base point x0 = eK. Let ω be the primitive k-th root of the unity.
G/K may be immersed in G by using the Cartan immersion [4, 7] ισ : G/K → G
defined by
(34) ισ(gx0) = σ(g)g
−1, g ∈ G.
It is well known [4, 7] that ισ is an embedding precisely when K = G
σ and that for
k = 2, ισ is a totally geodesic immersion of the symmetric space G/K in G.
Remark C.2. When σ is inner, i.e., σ = Ad s0 with s0 = exp(
2πξI
k
) for some
canonical element ξI , as in (13), then ισ(G/K)
−1s0 is the connected component of
k
√
e ⊂ G = {g ∈ G : gk = e}
containing s0. In particular, ι : G/K → k√e ⊂ G given by ι(gx0) = ισ(gx0)−1s0 is
a totally geodesic immersion when k = 2.
For each j = 0, . . . , k−1, let gj ⊂ gC be the ωj-eigenspace of σ and let [gj ] be the
subbundle of the trivial bundle G/K×gC whose fibre at gK is Ad g(gj). A smooth
map ψˆ : M → G/K is said to be primitive if Aψz , with ψ = ισ ◦ ψˆ, is a section of
ψ∗[g1]. When k ≥ 3 it is well known [4, 7] that any primitive map into G/K is
harmonic with respect to any invariant metric on G/K for which g1 is isotropic.
For k = 2, all smooth maps into G/K are primitive. By primitive harmonic map
into G/K we mean a primitive map if k ≥ 3 and a harmonic map if k = 2.
Let ψˆ : C → G/K be a primitive harmonic map with ψ(0) = e. Set ψ = ισ ◦ ψˆ
and
(35) Aψλ =
1− λ
1− ωψ
−1ψzdz +
1− λ−1
1− ω−1ψ
−1ψz¯dz¯ (λ ∈ S1).
It can be shown [4] that d+Aψλ is a loop of flat connections. Hence we can integrate
to obtain a unique extended solution Φ : C → ΩG satisfying Φ−1dΦ = Aψλ and
Φ(0) = e. We have ψ = Φω.
The following theorem says that primitive harmonic maps into G/K can be
obtained from a commuting pair of complete vector fields of the form (30) by
choosing an appropriate initial condition.
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Theorem C.3. [4, Theorem 2.2.] Set
(36) Λ(g, σ) = {ξ : S1 → g : ξ(ωλ) = σ(ξ(λ))}.
Take d ∈ N such that d = 1 mod k. Let ξ : C → Ωdg be a solution of (31) with
ξ(0) ∈ Ωdg ∩ Λ(g, σ). Let Φ : C → ΩG be the unique extended solution such that
Φ−1dΦ = Aλ and Φ(0) = e, with Aλ given by (32). Then, ψ = Φω takes values in
ισ(G/K). Moreover, ψ = ισ ◦ ψˆ for some primitive harmonic map ψˆ : C→ G/K.
A polyonomial Killing field ξ satisfying ξ(0) ∈ Ωdg ∩ Λ(g, σ) with d = 1 mod k
is said to be σ-twisted and the corresponding primitive harmonic map is said to be
a primitive harmonic map of finite type. If ξ : C → Ωdg is a twisted polynomial
Killing field and ψˆ : C→ G/K is the corresponding primitive harmonic map, then
it can been shown [4] that
ξ(z)(ωλ) = σ
ψˆ(z)ξ(z)(λ) (z ∈ C, λ ∈ S1),
where σ
ψˆ(z) = Adψ
−1σ is the automorphism of G/K at ψˆ(z). Otherwise said, if
we write ξ(z)(λ) =
∑d
j=−d(1 − λj)ξj(z), then ξj is a section of ψ∗[gj modk]. In
particular, ξd is a section of ψ
∗[g1].
Lemma C.4. Let ψˆ : C → G/K be a primitive harmonic map and let d + Aψλ
be the corresponding loop of flat connections, with Aψλ given by (35). Evaluating
at λ = −1, this loop gives also rise to a harmonic map ϕ : C → G. Then, ϕ is a
harmonic map of finite type if and only if ψˆ is a primitive harmonic map of finite
type.
Proof. The if part is obvious. So assume that ϕ : C → G is a harmonic map of
finite type associated to the polynomial Killing field ξ :→ Ωdg. Since ϕ−1ϕz = 4iξd
and ψ−1ψz = 2i(1 − ω)ξd, we have that ξd is a section of ψ∗[g1], because ψˆ is
primitive. We have to find a σ-twisted polynomial killing field adapted to ψ.
Define η : C→ Ωdg by
η =
1
3
(
ξ + σ−1Adψ
(
ξ(ωλ)
)
+ (σ−1Adψ)2
(
ξ(ω2λ)
))
.
From [4, Proposition 2.1.] and from the fact that ξd is a section of ψ
∗[g1], it follows
easily that η is a polynomial Killing field with ηd = ξd. Furthermore
η(0)(λ) =
1
3
(
ξ(0)(λ) + σ−1ξ(0)(ωλ) + σ−2ξ(0)(ω2λ)
)
satisfies η(0)(ωλ) = ση(0)(λ), and hence η(0) ∈ Ωdg ∩ Λ(g, σ) and d = 1modk.
Thus η is twisted. 
Remark C.5. An alternative approach to primitive harmonics maps via loop
groups uses the notion of extended framing. By a similar construction [6, 7] to
the one we have described above, extended framings can also be constructed from
certain commuting Hamiltonian flows on finite dimensional subspaces of a loop al-
gebra. It is known [22] that the two constructions are equivalent, that is, extended
framings of finite type and extended solutions of finite type produce exactly the
same class of primitive harmonic maps.
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